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Abstract
We present a characterization of C0-semigroups of paranormal operators. This help to improve former
results of Friedland, Aupetit-Zemánek on normal C0-groups of operators.
© 2007 Elsevier Inc. All rights reserved.
Keywords: Semigroups; Normal; Paranormal
We denote byB(H) the algebra of bounded linear operators in a Hilbert space H . An operator
T in B(H) is said to be paranormal if it satisfies the following norm-inequality
‖T x‖  ‖x‖ 12 ‖T 2x‖ 12 for all x ∈ H.
It is well-known that the following implication are strict:
T normal ⇒ T hyponormal ⇒ T paranormal.
In the finite dimensional case, Aupetit and Zemánek in [2] gave a nice characterization of normal
matrices through logarithmic convexity of the singular values of their exponential groups. The
arguments used in [2] rely on the Goldberg-Zwas characterization of monoloide matrices, which
cannot be extend to the infinite dimensional case.
In [3], Friedland showed that a bounded linear operator A in a Hilbert space H , is normal if
and only if t → ‖etAx‖ and t → ‖etA∗x‖ are both log-convex on R, for all x /= 0. Furthermore,
Friedland conjectured that the logarithmic convexity of only t → ‖etAx‖ may lead to the weaker
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conclusion of hyponormality of A. This turned out to be negative. To see that take for example
the shift operator S on l2 defined by
Sen = en if n /= 1 and Se1 = αe1, with α > 1.
Then, bothS∗S andSS∗ are diagonals with respective diagonal {α2, 1, 1, . . .} and {0, α2, 1, 1, . . .}.
So, S∗S − SS∗  0 is not satisfied. Hence, S is not hyponormal. In [3], the log-convexity of
t → ‖etAx‖ has been established for C0-groups with A hyponormal. In this paper, we present
characterization of C0-semigroups of paranormal operators. Using Ando’s characterization of nor-
mality, we obtain an extension of Friedland’s result to the more general class of C0-semigroups [4].
Theorem 1. Let {etA, t  0} be a C0-semigroup of operators in B(H). Then the following are
equivalent
(i) t → ‖etAx‖ is log-convex on R+, for all x /= 0.
(ii) {etA, t  0} are paranormal operators.
Furthermore, Ker(etA) = {0}, for every t ∈ R+.
Proof. (i) ⇒ (ii) Letfx(t) = log(‖etAx‖).Applying the convexity offx at the mid-point in (0, 2),
we obtain
fx(t) 
1
2
fx(0) + 12fx(2t) for all t ∈ R+, x ∈ H.
So,
log ‖etAx‖  log
(
‖x‖ 12 ‖e2tAx‖ 12
)
.
This implies
‖etAx‖  ‖x‖ 12 ‖(etA)2x‖ 12 .
Hence, etA is paranormal for all t ∈ R+.
(ii) ⇒ (i). Suppose that {etA, t ∈ R+} are paranormal. Then by definition of paranormality, we
obtain
log ‖etAx‖  log
(
‖x‖ 12 ‖e2tAx‖ 12
)
.
Using the usual trick, replacing x by esAx, where s is arbitrary in R+, we obtain
fx(t + s)  12fx(s) +
1
2
fx(2t + s) for all t, s ∈ R+, x ∈ H. (1)
By letting s vary, we get the convexity of fx .
Suppose that Ker(etA) /= {0}. Let t∗ be the minimum of all t ∈ R+ for which etAx = 0. Notice
that t∗ > 0. Then fx(t) = log ‖etAx‖ is a real-valued convex function for any 0  t  t∗, such
that limt→(t∗)− fx(t) = −∞. This results in a contradiction. In fact, by the continuity of fx and
(1) we obtain
fx
(
t∗
2
)
 1
2
fx(0) + 12 limt→t∗ fx(t).
So, fx
(
t∗
2
)
/∈ R, which contradicts fx real-valued function. 
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Corollary 2. Let {etA, t  0} be a C0-semigroup of operators inB(H). Then A is normal if and
only if t → ‖etAx‖ and t → ‖etA∗x‖ are both log-convex on R+, for all x /= 0.
Proof. The direct part. Suppose that A is normal. Then
etA =
∫
C
etzE(dz) for t ∈ R+,
where E is a spectral measure of A. Let 0 < α < 1, s, t ∈ R+, and x ∈ H . Applying Holder’s
inequality, we get
‖eαt+(1−α)sx‖2 =
∫
|eαtz|2|e(1−α)sz|2〈E(dz)x, x〉

(∫
(|eαtz|2) 1α 〈E(dz)x, x〉
)α (∫
(|e(1−α)tz|2) 11−α 〈E(dz)x, x〉
)1−α
= ‖etAx‖2α‖esAx‖2(1−α).
This implies the log-convexity of t → ‖etAx‖. Since ‖etAx‖ = ‖etA∗x‖, we obtain at the same
time the log-convexity of t → ‖etA∗x‖.
The non-direct part. Suppose that both t → ‖etAx‖ and t → ‖etA∗x‖ are log-convex on R+,
for all x /= 0. By Theorem 1, we obtain the paranormality of both etA and etA∗ , with both Kernels
reduced to {0}. By Ando’s theorem [1, Theorem 5], we obtain the normality of the semigroups
etA. The result follows from Stone’s theorem (see [5, Theorem 13.37]). 
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